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Boundary Integral Approach to the Scattering of Nonplanar
Acoustic Waves by Rigid Bodies
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The acoustic scattering of an incident wave by a rigid body can be described by a singular Fredholm integral
equation of the second kind. This equation is derived by solving the wave equation using generalized function
theory, Green’s function for the wave equation in unbounded space, and the acoustic boundary condition for
a perfectly rigid body. This paper discusses the derivation of the wave equation, its reformulation as a boundary
integral equation, and the solution of the integral equation by the Galerkin method. The accuracy of the Galerkin
method can be assessed by applying the technigue outlined in the paper to reproduce the known pressure fields
that are due to various point sources. From the analysis of these simpler cases, the accuracy of the Galerkin
solution can be inferred for the scattered pressure field caused by the incidence of a dipole field on a rigid
sphere. The solution by the Galerkin technique can then be applied to such problems as a dipole model of a
propeller whose pressure field is incident on a rigid cylinder. This is the groundwork for modeling the scattering

of rotating blade noise by airplane fuselages.

Nomenclature
speed of propagation of sound
unknown coefficients in Eq. (18)
unknown coefficients in Eq. (18)
defined by Eq. (23)
equation of the surface S
kernel functions
wave number
dipole moment
unit outward surface normal
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Da = pressure field caused by a point dipole

Dan = normal derivative of p,

p: = incident pressure field

Dm = pressure field caused by a point monopole

DPmn =-normal derivative of p,,

Ds = scattered pressure field

Ds.n = normal derivative of p,

Q = monopole source strength

R =y - X|

r = |x — y|, the distance between the observer and
the source

S = surface described by f(x) = 0

Si(x) = defined by Eq. (22a)

T(x) = defined by Eq. (22b)

t = observer time
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X = location of the acoustic source

x = observer point

y = source point

« = source azimuthal angle in spherical coordinates

Yy = source polar angle in spherical coordinates

S} = observer polar angle in spherical coordinates

] = angle between the radiation vector and the unit
normal to the surface

p = radial distance in spherical coordinates

T = source time

™ = retarded time, ™ =t — r/c

¢ = observer azimuthal angle in spherical
coordinates

P, = basis functions

1) = angular frequency

Operators

8(+) = Dirac delta function

[P = wave operator

L = generalized wave operator in which the space and

time derivatives are in the sense of distributions
(generalized derivatives)

Introduction

NE goal in the development of noise prediction pro-

cedures for advanced turboprops is the development of
a code that will predict fuselage scattering. The present work
is intended to be a first step toward that goal; its object is to
develop efficient and accurate numerical techniques for ap-
plication to scattering problems.

A scattering problem is defined as the interaction between
an obstacle with prescribed surface boundary conditions, such
as the fuselage, and an incident wave field, which could be
the acoustic pressure from the advanced turboprop.! Previous
work on acoustic scattering problems that can be applied to
the goal of this work has been concerned mainly with time-
harmonic plane waves that approach from infinity and im-
pinge on spherical or cylindrical objects or on surfaces with
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sharp discontinuities.? The classical approach is to solve the
wave equation using the separation-of-variables technique, in
which the incident plane wave is expressed in curvilinear co-
ordinates appropriate to the scattering object. The scattered

wave, which is the difference between the actual wave and

the wave that would be present if the scattering obstacle were
absent, is determined by applying the surface boundary con-
ditions to find the appropriate constants in the separation-of-
variables solution.? This results in a series solution that does
not lend itself well to analysis, except in the far field, and is
expensive to calculate with numerical accuracy. In addition,
the separation-of-variables method applies only to the scat-
tering surfaces of a few special shapes or geometries.

More recently, the boundary integral approach has been
applied to the scattering of plane time-harmonic waves.* This
approach reformulates the wave equation into an equivalent
boundary integral equation that can be solved approximately
for any scattering surface. By using techniques such as the
Galerkin method, the integral equation can be reduced to a
linear system of algebraic equations.

The first step toward the prediction of fuselage scattering,
and the subject of the current work, is to apply the boundary
integral approach to the scattering of time-harmonic, nonpla-
nar acoustic waves incident on rigid bodies. The approach is to
formulate the scattered pressure field as a homogeneous wave
equation in the region exterior to the scattering surface and
to incorporate the incident wave field in the boundary con-
dition on the scattering surface. Then, by the use of gener-
alized function theory, a wave equation for the scattered pres-
sure field can be obtained that is valid over all of three-
dimensional space. The scattered pressure field solution is
then written as an integral equation through the utilization of
the free-space Green’s function for the wave equation. This
resulting integral equation is Kirchhoff’s representation of the
scattered pressure field.

If a suitable distribution of sources, in this case the scattered
surface pressure, is known, the scattered pressure throughout
the field can be determined from the Kirchhoff representa-
tion.> A singular Fredholm integral equation-of the second
kind, which is solved for the scattered surface pressure, results
from Kirchhoff’s representation when the field point is taken
to be on the scattering surface. The rigid-body boundary con-
dition, defined on the scattering surface and containing in-
formation about the known incident wave field, is incorpo-
rated directly into this boundary integral equation.® This solution
for the scattered surface pressure can be used in Kirchhoff’s
representation to find the scattered pressure at any point ex-
terior to the scattering object.

This work contains a brief discussion of the derivation of
Kirchhoff’s representation for the scattered pressure field and
a solution by the Galerkin method of the boundary integral
equation that results from Kirchhoff’s representation when
the field point is on the surface. In order to prove that the
formulation of the boundary integral equation and its solution
by the Galerkin method is feasible, the same approach is
applied to the Kirchhoff representation of the point monopole
and point dipole pressure fields, which have exact solutions.
After the formulation of the boundary integral equation and
its solution by the Galerkin method is deemed feasible, an-
other test is run to establish certainty about the scattered
pressure solution. The monopole source is placed in the far
field and its pressure field is allowed to scatter off a rigid
sphere. The scattered pressure, obtained via the Galerkin
method, is compared to the separation-of-variables solution
for the scattering of plane waves by a rigid sphere.

Theory
Acoustic wave propagation is governed by the wave equa-
tion that is obtained by linearizing, via small-perturbation
theory, the ideal-fluid equations of motion. A pressure field
is said to satisfy the wave equation when
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Op = 558 = Vp = Zx) ©

where c¢ is the speed of propagation of sound in the ambient
fluid medium, and Z(x,?) is an inhomogeneous term repre-
senting the source of the acoustic disturbance. The acoustic
boundary condition for a rigid surface S, which is described
by f(x) = 0 where f > 0 exterior to S, is

Pn=7-= on § (2)

The causality condition ensures that the pressure waves are
outgoing as |x| approaches infinity, and it must also be sat-
isfied.

The pressure field p can be expressed as the sum of an
incident field and the scattered pressure field in the form

p=p+p 3)

in which p, is defined so that it satisfies
[FPpix.0) = Z(x,0) (4)

This requires that p, satisfy the homogeneous wave equation
in the region where f > 0

[Ppx.t) = 0 )

The boundary condition of Eq. (2) becomes

. _ _ %
n - o on§ (6)

Derivation of Kirchhoff’s Formula for the Scattered Pressure Field
The source of the acoustic disturbance, or the incident pres-
sure field, is known and can be used in the boundary condition
of Eq. (6) along with the application of Kirchhoff’s formula
to solve for the scattered pressure field. A brief description
of the derivation of Kirchhoff’s formula is presented here.
Define P, over the entire three-dimensional space by

Prd) = {{;f(x’f) 120 ™

This implies that there exists a jump discontinuity in P, across
the surface f(x) = 0 whose magnitude is equal to the value
of the scattered pressure on the surface. From generalized
function theory and Ref. 7, the generalized d’ Alembertian of
P, is

CPP, = [Pp, — p., 8() — V - [pon 8(f)] (®)

where the bar over the operator indicates a generalized de-
rivative.5-1° The ordinary d’Alembertian in the region where
the derivatives of the scattered pressure field are defined is
equal to zero by Eq. (5) when f > 0 and by Eq. (7) when f
< 0. Therefore, Eq. (8) becomes

CPP, = —p.. 8(f) = V- [p.n 8(f)] ©)

Since Eq. (9) holds over all space, the free-space Green’s
function for the wave equation can be utilized to find the
solution for the scattered pressure field! The free-space Green’s
function is

5(g)

=
Gty = 1 dmr (10)
) 0 t<T

Here r = |x — y| is the distance between the observer point
and the source point, and g = t — (7 + r/c) is the equation
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of the collapsing sphere centered at the observer point. The
use of the Green’s function of Eq. (10) ensures that the caus-
ality condition for the pressure field is satisfied. Using Eq.
(9) and the Green’s function, the solution for the scattered
pressure field is expressed in the form

4np, = —fix f: Penly,7) 8(F) &rg) dy dr

(g)

-7 pomman 22 1)

where the inner integral is over the entire unbounded three-
dimensional space.

The 7integration in Eq. (11) is simple when it is performed
by changing the variable of integration to g, the Jacobian of
the transformation |d7/9g| being unity. This integration re-
stricts the remaining terms in the integral to g = 0, introducing
the retarded time 7* = ¢ — r/c. The integration over y results
in a surface integral because of the Dirac delta function of f

A _ 1 "
477PS(x’t) - J;:o rp:,n(y’T )dS
- v-j L (y,7)dS (12)
o7 P T :

Now the divergence operator is brought inside the second
integral, which yields

amb o) = = | Lp s

* ff (9"——ps(y, )+ 2L s *))ds (13)

Here cos@ is the scalar product of the outward-pointing unit
normal and the radiation-direction unit vector, (x — y)/r.
Equation (13) is the Kirchhoff representation of the scattered
pressure field. By definition, the Kirchhoff representation
requires information about the pressure on the surface of
integration. If the observer is assumed to be on the surface,
the Kirchhoff representation can be solved as a boundary
integral equation for the surface pressure. Once the surface
pressure is known, the determination of the scattered pressure
at any point in the field is reduced to a numerical integration
using Eq. (13) again. The total pressure field for f > 0 is the
sum of the incident and scattered pressure fields.

When the observer point lies on the surface S, then, as
shown in Ref. 7., Appendix A, Eq. (13) becomes

“ 1
27P(x,t) = —J - T
wPed) = = | 2 p(y.r)dS
cosf cosf a
+ — )+ —
L( = PO+ =T ))ds (14)

Note that when the observer point and the source point co-
incide, the integrands in Eq. (14) are singular. Hence, it is
labeled as a singular Fredholm integral equation of the second
kind.

In the current work, since the incident pressure field is
taken to be harmonic in time, the scattered pressure field is
assumed to be time harmonic. Therefore, the scattered pres-
sure field on the surface S can be expressed as

Ds(x.,t) = A(x) coswt + B(x) sinwt (15)
where w is the angular frequency.

Substituting Eq. (15) and its partial time derivative into Eq.
(14) yields
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. 1
2m(A(x) coswt + B(x)sinwt) = — J;:O ;Ps,,,(y,T*)dS

+ ff Egsi’[A(y)(cosm — krsinwr®)

+ B(y)(sino7* + krcoswr*)]|dS (16)

where k is the wave number and is equal to w/c. In the current
work, Eq. (16), with p,, found from the boundary condition
in Eq. (6), is solved for A(x) and B(x) by use of the Galerkin
method. This method is presented in the next section.

Solution by Galerkin Method

The Galerkin method, also known as the method of weighted
residuals, proceeds by forcing a residual to be orthogonal-to
a set of weighting functions.'? The residual in this case is
defined to be

R(x,t) = 2m(A(x) coswt + B(x) sinwr)
s [ Apamas - <

— kr sinpt*) + B(y)(sinwt™* + kr coswr*)]dS an

so that R(x,t) is a measure of the error by which an assumed
solution fails to satisfy Eq. (17). The weighting functions are
chosen to be equal to the basis functions, or approximating
functions, which must be a linearly independent set of func-
tions for the approximation to be meaningful. If the basis
functions are denoted as W(x), then the unknown functions
are assumed to be given by

N

A® =D ¢ ¥(x), B

i=1

= ZN d, ¥ (x) (18)

The definition of the basis functions usually, but not neces-
sarily, depends on the geometry of the problem, or in this
case, that of the scattering object. If the basis functions are
chosen from a complete set of functions (which guarantees
linear independence), then the approximation in Eq. (18)
becomes exact as N approaches infinity. To satisfy complete-
ness, one can take as the basis functions the eigenfunctions
of 3 related homogeneous boundary value problem. For ex-
ample, in spherical coordinates the basis functions would be
a complete set of Legendre or associated Legendre polyno-
mials.

As defined previously, 7* = ¢ — r/c, so that wr* = ot — kr.
Let wt = 0 so that Eq. (17) becomes

R@ = 204 + | Lip, 0o 0

- ff S0 [A) (kr sinkr + coskr)

+ B(y)(kr coskr — sinkr)]dS (19)

Then let wt =
comes

7/2, and the second form of the residual be-

R = 2586) + | 15,07 e 05

+ jf cos [A(y)(kr coskr — sinkr)

— B(y)(kr sinkr + coskr)|dS (20)
For convenience and clarity, define the kernels to be

Ki(x;y) = kr sinkr + coskr (21a)
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Ki(x;y) = kr coskr — sinkr (21b)

These kernels, along with the assumed solutions in Eq. (18),
can be used to express those integrals in the residuals that
contain the unknown functions as

S(x) = ff | e )dS (22a)

coso

e = | Lumkiemas @)

For further convenience in notation, define

EO = [ Aooomleds o3

B = [ paozas @)

Here F, and F, consist of the direct application of the bound-
ary information that is determined by the incident wave field.
Using the definitions from Eqs. (21), (22), and (23), the re-
siduals can be simply written in the forms

Ri(x) = _ﬁ 27V (x) — S(x)]
i d;T(x) + F,(x) (24a)

Ry(x) = '; df2a¥(x) — Si(x)]

+ i ¢;Ti(x) + Fy(x) ‘ (24b)

The orthogonality conditions that are required between the
residual and the weighting functions are

jf=0 Rl(x) Y(x)dS=0 j=1,N (25a)

ff L R@®Y@As =0 j=1,N (25b)

The application of these last two conditions to the expressions
in Eq. (24) results in a linear system of 2N algebraic equations
in 2N unknowns, in the form

f Yi(x)Fy(x)dS = f ¥ ()27 (x)

— S,(x)]dS — ﬁdi ff LY®T®AS j=1N  (26a)
- ff LT @)F(x)ds = ; d, L @) 27 (x)

— S,(x)]dS + ﬁc,- ff L Y@TxAS j=1,N  (26b)

Finally, this linear system of algebraic equations is solved
for the coefficients c; and d,; the scattered pressure field on
the surface f = 0 is then known and takes the form

px,t) = E ¢,V (x) coswt + E d¥ (x)sinwt  (27)
Total Acoustic Pressure Field

The solution for the scattered pressure on the surface f =
0 and its partial derivative with respect to time, when incor-
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porated into the Kirchhoff representation in Eq. (13), yield
the scattered pressure for any point in the field f > 0. After
the substitution of Eq. (27), its partial derivative with respect
to time, and the boundary condition of Eq. (6) into Eq. (13),
the expression for the scattered pressure field is

1 *
o7 pi(y,7)ds

47P(x,1) = [

* Jf—o CC;:() 2 [c W (y)(coswr™ — kr sinwr™)

i=

+ d¥,(y)(sinwt™* + kr coswr*)]dS (28)

Equation (28) is applicable to any rigid scattering surface and
any time-harmonic incident pressure field that satisfies the
wave equation.

As shown in Eq. (3), the total pressure is the sum of the
incident and scattered pressure fields. The accuracy of the
total acoustic pressure field depends on the accuracy of the
scattered surface pressure solution obtained by using the Gal-
erkin method as described in the previous section of the cur-
rent work. Since there are very few known analytical solutions
for the scattering of nonplanar, time-harmonic waves, there
is no simple way to assess the accuracy of the scattered surface
pressure as predicted by Eq. (28). To gain confidence that
the scattered surface pressure is correct, the Galerkin method
will be tested in some detail in the work that follows by as-
suming an unknown function for the surface distribution in
the Kirchhoff representations of the point-source fields, as
was done for the scattered pressure field. The Galerkin method
solution for the point-source fields can then be compared to
the exact solution and its accuracy can be verified.

Galerkin Method for Point-Source Pressure Fields

The unknown function that describes the surface distribu-
tion in the Kirchhoff representation is assumed to be harmonic
and of the form

Ple=o(x,t) = A(x) coswt + B(x) sinewt (29)

The unknown functions, A(x) and B(x), are defined in terms
of the basis functions in Eq. (18). The surface over which the
distribution is sought is spherical since this is the simplest
case. The basis functions are Legendre polynomials or asso-
ciated Legendre polynomials, depending on the symmetry of
the pressure field. The monopole and certain orientations of
the dipole, when placed inside the sphere, are axially sym-
metric with respect to the x, axis and are independent of the
azimuth angle. These cases will be determined from basis
functions that are Legendre polynomials. Other dipole ori-
entations result in pressure fields that are not axially sym-
metric with respect to the x, axis and are functions of both
the spherical azimuthal and polar angles. However, these
pressure fields are even functions of the azimuthal angle, so
the basis functions will be chosen as cosm¢P7(cos@).

The only differences between the Galerkin methods for
scattered pressure fields and for point-source pressure fields
are the definitions of the functions F,{x) and F,(x), which are
defined for scattered pressure in Eq. (23). For the. monopole
field these functions are defined as

Fi(x) = f i f (p.cosy — a) [cosk(r + R)

47rR?
+ kR sink(r + R)]a? sinydyda (30a)
T (pcosy — a) .
Fyx) = j o amRs LSink(r + R)
— kR cosk(r + R)]a? sinydyda (30b)
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Here p,, has been replaced with p,, ., where

Dlx,) = cos(kR - o) (€X)]

The monopole source strength is given by Q = 1, and the
point source is located at X = pe;, where 0 < p <gandais
the radius of the sphere. Inside the integral, R is defined as
|y — X| and for the spherical surface is

R = [@®> + p? — 2pa cosy]'? 32)

Figure 1 shows the geometry for a dipole source both inside
and outside the spherical surface with the observer on the
surface. For the dipole pressure field, p, , is replaced with
Dans Where

pu(x,f) = ~=L [KR sin(wt — kR) — cos(wt — kR)]  (33)

4R3

If X = 0 and the surface is taken to be spherical, the functions
F,(x) and F,(x) are defined for a dipole source as

Fi(x) = f ” f 47rra [(k%a* — 2)cosk(r + a)

— 2ka sink(r + a)] siny dy da (34a)
F(x) = f f 47Tra [(k?a? — 2) sink(r + a)

+ 2ka cosk(r + a)] siny dy da (34b)

When I = e;, thenn/; =
siny.

The Gauss-Legendre stretched subinterval quadrature for
double surface integrals as described in Ref. 11 can be applied
to calculate the coefficients in the linear system in Eq. (27).
The integrals in this linear system are singular when the source
point and the observer point coincide. Since the observer.
point is known, the point of singularity is known. The sub-

cosy. Whenl = e, then nd, = cosa
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intervals in the quadrature are stretched so that more points
are concentrated near the singular point, allowing a more
accurate and efficient estimate of the integral. If x* is the
singular point, then & = (x* — a)/(b — a). Here ¢* is the
transformed singular point. The stretching function is

(= &)y - (=&Y 3
g(n) = (1 - &)y — (&) (35)

where n is an integer. The stretched subintervals are

N
a/_.—_a-;-(b—a)g(](/[_l), i=1M (36

where a4, = a and a,,,, = b. Once the integration is com-
pleted, the linear system can be solved for the coefficients c;
and d, by Gaussian elimination.

x

Fig. 1 Geometry for a dipole inside and outside a sphere.
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Fig. 2 Comparisons of the Galerkin method solution to the exact solution for monopole pressure fields.
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Fig. 3 Comparisons of the Galerkin method solution to the exact solution for dipole pressure fields.

+ Separation of variables
~ Galerkin method

Fig. 4 The directivity patterns for the scattering of plane waves (as approximated by a monopole in the far field) by a rigid sphere, predicted
by the Galerkin method, are compared to those derived from the separation-of-variables solution for ke = 1, ka = 2, and ka = 3; ka is the wave

number multiplied by the radius of the sphere.

The Galerkin method was first applied to the prediction of
the monopole pressure field in the simplest scenario, in which
ka = 3, p = 0, and a = 1. The second situation tested was
for ka = 3, p = 0.7, and a = 1. This second situation is a
good test of the Galerkin method prediction of the scattered
pressure field because the only difference between this second
case and the monopole scattering problem is that in the case
of the scattering problem, the monopole is outside the sphere.

Comparisons of the Galerkin method results to the exact so-
lutions are shown in Fig. 2.

This procedure was also carried out for the dipole pressure
field in various situations. The first situation was for I = e,,
with ka = 3. The second situation was for I = e,, with ka =
3. This situation provided a test using more complicated basis
functions. Comparisons of the test results to the exact solu-
tions are shown in Fig. 3. :
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This method can handle higher frequencies, but since more
integration points are needed in the estimation of the singular
integrals, a considerable amount of time is needed for the
solution at higher frequencies.! It should be noted, however,
that once the surface pressure is known, very little additional
computational effort is needed to predict the pressure at any
point in the field f > 0. The degree of accuracy seen in these
solutions by the Galerkin method leads to the assumption that
the scattered surface pressure resulting from point monopole
or dipole fields can be predicted as accurately by the same
technique.

Scattered Pressure Field Solutions

In this section, the Galerkin method is applied to predict
the scattered pressure field from a point source incident on
a rigid sphere from the sphere’s exterior. The first case of
interest is the point monopole field incident on a rigid sphere
of radius a centered at the origin. If in this case the monopole
is in the far field, the incident waves are essentially planar in
the vicinity of the scattering sphere. The results of the Gal-
erkin solution for the monopole in the far field can then be
compared to those obtained by the separation-of-variables
solution for the scattering of plane waves by a rigid sphere,
which is discussed by Morse in Ref. 3. This constitutes yet
another test of the current formulation and also leads to some
results that cannot be obtained simply from the tabulated
values in Ref. 3.

The other cases of interest are the scattering of a dipole
located either in the near or far field on the x; axis with an
orientation either parallel to or perpendicular to the x; axis.

Scattering of Plane Waves

Since Morse defined the plane wave to be moving in along
the x, axis, the monopole is also located on the x; axis, at a
distance far enough away from the sphere that the wave fronts
are planar by the time they reach the sphere. If this distance
is designated as p, the monopole location is x = pe;. The
functions F;(x) and F,(x) for the scattering case are defined
exactly as in Eqgs. (30a) and (30b) except that they are of the
opposite sign and p > a. The same basis functions are used
in the solution of the scattered pressure field as were used in
the solution of the monopole field, and the system is solved
for the coefficients ¢; and d, in precisely the same way. There-
fore all the accuracy should be maintained. The scattered
surface pressure solution can then be used in Kirchhoff’s rep-
resentation to predict the scattered pressure at any point in
the field. The scattered pressure in the far field is

dnb ey = [ 22 .00

f=0 1 On

N
+ ff COSH > [ (y)(coswr* — kr sinwr)

=0 r 3
+ d¥(y) (sinwr* + kr coswr*)]dS 37

The directivity patterns obtained by numerically evaluating
the scattered intensity from the analytical solution presented
by Morse in Eq. (29.10) on page 354, Ref. 3 can be compared
to the directivity patterns predicted by the method of Galerkin
solution in Eq. (37). This comparison is shown in Fig. (4) for
ka = 1, ka = 2, and ka = 3 and in Fig. (5) for ka = 4 and
ka = 5. It is evident that the results shown for the Galerkin
method solution match to a very high degree of accuracy the
results presented by Morse for ka = 1, 2, 3, 4. However,
when ka = 5 the patterns differ. This difference occurs simply
because not enough terms were included in the numerical
evaluation of Eq. (29.10); only the first 10 phase angles were
tabulated by Morse in Table XI on page 450 in Ref. 3. For
the current purpose, it is not useful to perform the fairly
involved analysis necessary to extend the tables. It is found
that, in the present situation, the Galerkin solution converges
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ka=5

+ Separation of variables
— Galerkin method

Fig. 5 The directivity patterns for the scattering of plane waves by
a rigid sphere, predicted by the Galerkin method, are compared to
those derived from the separation-of-variables solution for ka = 4 and
ka = 5.

ka=15,p=4.5
- PN
T
=
N ST
ka = 15, p = 200

Fig. 6 The directivity patterns for the scattering of a point dipole
with [ = e, by a rigid sphere of radius a = 1 is plotted as a function
of the polar angle for ka = 3 and ka = 15 in the near field (p = 4.5)
and in the far field (p = 200).

faster at higher frequencies than does the separation of var-
iables solution. The directivity patterns at ka = 6,7, 8,9, 10
are shown in Fig. (18) of Ref. 11.

Scattering of Nonplanar Waves

Given the results illustrated in Figs. 4 and 5, it is reasonable
to conclude that the method presented in the current work
will be successful in predicting the scattering of nonplanar
incident wave fields. The functions F,(x) and F,(x) for the
dipole located on the x; axis a distance p from the origin are
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ka = 15, p = 200

Fig. 7 The directivity patterns for the scattering of a point dipole with I = ¢, by a rigid sphere of radius a = 1 is plotted as a function of the
polar angle for ka = 3 and ka = 15 in the near field (p = 4.5) and in the far field (p = 200).

("1 J(a=pcosy), 4
Fi(x) = J; Jo 47rrR3{ R LR;

X [(k*R? — 3)cosk(r + R) — 3kR sink(r + R)]
+ nl[kR sink(r + R)

+ cosk(r + R)]}a2 siny dy da (38a)

(" 1 J(a—pcosy), 4
F(x) _fo J:) 47rrR3{ R LR:

x [(k*R? — 3)sink(r + R) + 3kR cosk(r + R)]
— nd[kRcosk(r + R)

— sink(r + R)]}a2 siny dy de (38b)

When! = e,, then R, = (a cosy—p)/R and n/; = cosy. When

I = e, then [R;, = (a siny cosa)/R and nl; = a siny cosa.
The scattered pressure for each dipole orientation is found

by first solving the linear system in Eq. (26) for the coefficients

¢; and d; with the F;(x) and the F,(x) that are defined in Eqs.
(38a) and (38b). These coefficients are then used in Eq. (28)
to find the scattered pressure at any point in the field.

Figure 6 shows the directivity of the scattered pressure in-
tensity for the dipole with I = e; incident on the rigid sphere.
The observer is in the far field. The figure shows two cases,
one in which the source is in the near field at p = 4.5, and
one in which the source is in the far field at p- = 200. Two
frequencies are shown for each case, a low frequency of ka
= 3 and a high frequency of ka = 15. Note that at ka = 3
with the source in the far field, the directivity pattern is the
same as that for the plane wave previously discussed. This is
a result of the fact that this orientation of the dipole causes
its maximum intensity to be along the polar axis of the sphere.
Figure 7 shows the scattered intensity for the dipole with [/ =
e, in the same situations as the dipole with I = e;.

Conclusions

A boundary integral approach was applied to the scattering
of nonplanar waves by rigid bodies. This approach was proven
to be successful through the test of the Galerkin solution of
the Kirchhoff representation for point sources. Also, the
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agreement between the scattered pressure obtained via the
Galerkin method solution and the separation-of-variables so-
lution for the scattering of plane waves by a rigid sphere,
shown in Fig. 4, is strong evidence that the Galerkin method
is capable of solving the boundary integral equation which
predicts the scattering of nonplanar waves by rigid spheres.
This work presents one of the few solutions for scattering of
nonplanar waves and offers some insight on how to solve for
the scattering of acoustic fields that can be modeled by point-
source pressure fields. In addition, the same type of formu-
lation that was used in the current work to derive the Kir-
chhoff representation for the scattered pressure field can also
be applied to moving surfaces using the extended Kirchhoff
formula presented in Ref. 7.

There are certain advantages to the Galerkin method so-
lution of the boundary integral equation. The scattering of
any incident field that satisfies the wave equation can be de-
termined and the approach is not limited to geometries for
which separation of variables applies, or to limiting cases of
high or low frequencies. However, as in the current work,
when the scattering obstacle has a simple geometry to which
separation of variable applies, the Galerkin method will con-
verge quite quickly if the eigenfunctions are taken as the basis
functions. For more complicated scattering geometries, the
basis functions will not be a simple set of eigenfunctions and
the convergence cannot be expected to be as rapid.

There is an important consequence of using the Kirchhoff
formulation as expressed by Eq. (13) for scattering problems
of the class treated here. This consequence appears to arise
because Eq. (13) involves only the scattered pressure and is
constructed so that it always predicts undisturbed conditions
interior to the surface f = 0 (see Eq. (7)). As a result, the
current methodology seems to avoid the divergences often
encountered in boundary integral acoustic problems when the
incident wave frequency coincides with a resonant frequency
of the interior region f < 0. For both the monopole and dipole
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test cases described here, it was found repeatedly that solu-
tions calculated at the characteristic frequencies were ob-
tained as accurately as at any other frequency.!!
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